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The authors  desc r ibe  a method of calculat ing the convect ive heat  t r a n s f e r  in a flowing f i lm of 
v iscous  liquid. 

Most  h e a t - t r a n s f e r  p r o b l e m s  with f i lm flow reduce  to the study of thin f i lms  (h << L) of a viscous  in-  
c o m p r e s s i b l e  l iquid flowing f r e e l y  o v e r  a hea ted  sur face .  The liquid motion is cons idered  to be hydrodyna-  
mica l ly  s table ,  which a cons tar0t f i lm  th ickness .  In spite of the different  ways  of assigning h e a t - t r a n s f e r  con-  
dit ions on the f r e e  f i lm sur face  and the heated  su r face ,  the heat  t r a n s f e r  in th is  case  is accompl i shed  by con-  
duction [1]. 

In th is  p a p e r  we cons ider  l a m i n a r  w a v e - f r e e  motion of a liquid f i lm,  accounting fo r  iner t i a  fo rces  and 
convect ive heat  t r a n s f e r ;  we neglect  the influence of cap i l l a ry  fo rces .  As boundary conditions for  the heat  
t r a n s f e r  we a s s u m e  that  the t e m p e r a t u r e s  of the f i lm sur face  and of the solid heated sur face  a re  a r b i t r a r y  
functions of the longitudinal coordinate ,  e i t he r  given o r  de te rmined  l a t e r  f r o m  the h e a t - t r a n s f e r  conditions. 
The mot ion and convect ive heat  t r a n s f e r  in thin liquid f i lms  a re  usual ly  desc r ibed  in the bounda ry - l aye r  ap-  
p rox imat ion ,  i .e . ,  by equations of pa rabo l ic  type.  The dif ference f r o m  the bounda ry - l aye r  equations is  that 
ne i the r  the veloci ty  dis tr ibut ion at the ou te r  edge nor  the f i lm th ickness  is  known. The conserva t ion  of the 
mean  specif ic  flow ra te  in the liquid f i lm is  an additional re la t ion  fo r  calculat ing the unknown f i lm th ickness .  
The p roposed  solution of p r o b l e m s  of motion and heat  t r a n s f e r  in f i lm flow is  based  on the p a r a m e t r i c  s i m i -  
l a r i t y  method,  suggested by L. G. Loi t syans ld i  in bounda ry - l aye r  theory  [2]. The p a r a m e t r i c  method a s s u m e s  
the introduct ion of a n u m b e r  of d imens ion les s  groups  (pa rame te r s )  descr ib ing  the different  conditions of m o -  
t ion and heat  t r a n s f e r  (e.g., the influence of ine r t i a  f o r c e s ,  that  the heated  sur face  is  not i s o t h e r m a l ,  etc.). 
According to the genera l  ideas  of the method,  the p a r a m e t e r s  a r e  taken as  new independent va r i ab les ,  and the 
equations of mot ion and heat  t r a n s f e r  in thin liquid f i lms  a re  wri t ten  in "un iversa l "  form.  The solutions of 
these  equat ions,  which a re  independent of the speci f ic  f ea tu re s  of the p r o b l e m s ,  can be obtained once and for  
all  and tabula ted  as  functions of the p a r a m e t e r s  introduced.  Depending on the specif ic  conditions of the flow 
p r o c e s s e s  the p a r a m e t e r s  can have different  va lues ,  but the d is t r ibut ions  of veloci ty and t e m p e r a t u r e  in the 
"un iversa l "  f o r m  will be unique for  a wide c l a s s  of f i lm flow p r o b l e m s .  

The s t eady- s t a t e  equations of mot ion and convect ive heat  t r a n s f e r  of a thin liquid f i lm,  wri t ten  in t e r m s  

of a s t r e a m  function ,I,, have the fo rm:  

with the boundary  conditions 

O~Y 02~ a T  02~  03T 

Oy OxOy Ox Oy z - -  g + v ~ '  Oy8 ( 1 )  

O~ a T  Ov~ a T  O~T 
C l -  

Oy ax Ox o g ay z 

a ~  
for y = O  T O, T=Ttv (x ) ,  

ay (2) 

for y = h (X) OZ~y 
ay ~ 

- 0 ,  T=Qo,  T = T  s(x). 

We introduce the d imens ion less  va r i ab l e s  

T - -  T s (x) 
~1 = y/h (x), (I) = VZ/Qo, o = (3) 
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Fig. 1. The universa l  functions A(fl) (curve 1) 
and the specif ic  heat  flux to the heated sur face  
(curves  2-5) as a function of fl ,  7i ,  71: 2)_fl = 

O, T1 = + 1__; 3) fl = --10, T i = O; 4) fl = O, Y1 = O; 
5) f1= O, 71 = - 1 .  

In these  va r i ab l e s  Eqs.  (1) and boundary conditions (2) take the f o r m  
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where  'the symbol  ' indicates  different ia t ion with r e s p e e t  to x. We introduce the groups  f~ Qh' 
V 
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, as  a bas i s  fo r  construet ion of t h ree  s e r i e s  of p a r a m e t e r s :  
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which we take as 'the new independer~t va r i ab les .  In [31 we desc r ibed  the construct ion of r e c u r r e n c e  re la t ions  
fo r  the p a r a m e t e r s  and a detai led t r ans i t ion  in Eq. (3) f r o m  the {x; ~?} space to 'the {fK, 7K, 7K; ~?} p a r a m e t e r  
space.  The genera l  f o r m  of Eq. (3) with boundary conditions in universa l  f o r m  will be as  follows: 
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Where A = gha/vQ; L = [(K - 1 )  fifK_ + fK+t] @/OfK; Li = [ ( K - 1 ) f l f  K + fK+l]Pr  0 /0 fK + (KftfKPr + TK+i - YKTi + 
7KTi) 0/07K + (KflTKPr + "~K+I - 7 K T i )  0/0TK; /the subsc r ip t  K indicates  summation;  the points  denote d i f fe r -  
er~tiation with r e s p e c t  to 77. The value of A(fK) is  de te rmined  f r o m  the four th  supp lementa ry  condition �9 (1) = 1. 

The solution of the un iversa l  equations (5) can be obtained only with a finite number  of p a r a m e t e r s ,  i .e . ,  
in p a r a m e t r i c  approximat ions .  The s imples t  fo r  in tegra t ion a r e  local s im i l a r i t y  approx imat ions  in which p a r -  
t ia l  de r iva t ives  with r e s p e c t  to the p a r a m e t e r s  a r e  d iscarded.  By consider ing different  groups  of p a r a m e t e r s ,  
one can ana lyze  the influence of va r ious  f ac t o r s  on the nature  of the mot ion and the heat  t r a n s f e r  in the liquid 
f i lms .  F o r  ins tance ,  'the p a r a m e t e r s  fK account for  the influence of ine r t i a  f o r ce s  and de te rmine  the change 
in f i lm th ickness  along x due to ' their influence,  and 'the p a r a m e t e r s  7K and 7K account for  the influence of 
' t empe ra tu r e s  on 'the ou te r  f i lm boundary and of the solid heated  sur face  on 'the heat t r a n s f e r .  We call  the ib l -  
lowing equations the o n e - p a r a m e t e r  approx imat ion  to 'the equation of motion and the l o c a l l y - o n e - p a r a m e t e r  
approx imat ion  to the h e a t - t r a n s f e r  equation in the p a r a m e t e r s  fl ,  71, 71: 
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The sys tem of equations (6) for  the d imensionless  s t r e a m  and t e m p e r a t u r e  functions ~ and O were  in tegrated 
numer ica l ly  on an ES-1033 computer .  The der iva t ives  in the equations were  rep laced  by t h e i r  f in i te -d i f ference  
relat ions.  F o r  the equation of motion the boundary p rob lem reduced  to a Cauchy prob lem which was solved by 
a f ou r th - o r de r  R unge -Ku t t a  method. The h e a t - t r a n s f e r  equation was solved by a marching method. The r e -  
sult was dimensionless  prof i les  of veloci ty and t em p e ra tu r e ,  the function A, and the specif ic  heat f luxes for  
var ious values of the p a r a m e t e r s  fl,  I/1, ~i. F igure  1 shows some re su l t s  of the numer ica l  integrat ion of the 
universal  equations (6). In pa r t i cu la r ,  it  shows curves  of the universa l  functions A as  a function of the values 
fi and the specif ic  heat flux to the h e , t e d  surface  "O(0) for  var ious values of fi, Yi, ~i. F o r  - 20 < fi < 4 one 
can approximate to A(fl) sa t i s fac tor i ly  by l inear  function. Then the equation for  determining the unknown fi lm 
thickness  acqui res  the fo rm,  convenient for  i~tegrat ion 

gha -- 3 54 Qh' (7) 
~Q 35 v 

F r o m  the solutions of the universa l  equations (6) obtained, one ea~ evaluate all the ch a r ac t e r i s t i c s  of 
the hea~-~transfer p rocess :  the heat flux at the outer  edge of the f i lm,  the heat flux to the h e , t ed  sur face ,  and 
the average  t e m p e r a t u r e s  over  sect ions.  We now examine one of the basic cha rac te r i s t i c s  of the p ro ce s s ,  the 
h e a t - t r a n s f e r  coefficient to a flowing liquid f i lm, defined to be 

OT 
~ = - -  Oy , / ( T W -  Ts)" (8) 

The r e su l t s  of the calculat ions showed that  the influence of the p a r a m e t e r  fi on the heat t r a n s f e r  i s  negligible,  
arid appears  only as a change of the th ickness  of the film. Thus,  the h e a t - t r a n s f e r  p r o c e s s  in the liquid f i lm is 
l e s s  sensi t ive Go deformat ion of the velocity prof i le  due to iner t i a  fo rces  than a re  the hydrodynamic c h a r a c t e r -  
i s t ics  of the flow. The heat t r a n s f e r  in liquid f i lm flow is mainly influenced by the nature  of the t em pe ra tu r e  
var ia t ion of the t e m p e r a t u r e  of the h e ~ e d  surface  and the f ree  f i lm surface .  F o r  values of the p a r a m e t e r s  
17il < 1.5, ]~/i] < 1.5 the r e su l t s  of the h e a t - t r a n s f e r  coefficient  calculat ions are  approximated sa t i s fac tor i ly  
by the formula ,  convenient fo r  p rac t i ca l  calculat ions 

~/ao = 1 -}- 0.27z -}- 0,17~1, (9) 

where  c~ 0 = k / h  is the heat t r a n s f e r  coefficient  fo r  hydrodynamical ly  s tabi l ized flow of a f i lm constant t e m -  
p e r a t u r e s  T W and T S. In each  specif ic  case  the p a r a m e t e r s  ~/i and r a re  de te rmined  f rom the t em p e ra tu r e s  
ut the ou te r  edge of the f i lm and on the heated sur face  f rom the h e a t - t r a n s f e r  conditions. 

Putting T s = const (~l = 0), we now analyze the influence of the heated surface  not being i so thermal  on 
the heat t r a n s f e r  to the liquid film. Fo r  example ,  posi t ive t e m p e r a t u r e  gradients  of the heated surface  (yl> 0) 
lead to an inc rease  in the h e a t - t r a n s f e r  intensi ty compared  with i so thermal  flow, while negative gradients  
(Yi < 0) lead to reduced  intensity.  F o r  a specific value of the p a r a m e t e r  ~/i deformat ions  of the t em pe ra tu r e  
prof i le  lead to a change of the d i rec t ion  of the specif ic  flux, analogously to heat t r a n s f e r  in a boundary l aye r  
[4]. The g rea t e s t  i nc rease  of h e a t - t r a n s f e r  intensi ty will be obse rved  for  posi t ive gradients  at the ou te r  
boundary of the f i lm (~/1 > 0), i .e . ,  at a maximum value of the t e m p e r a t u r e  head. 

N O T A T I O N  

h, f i lm thickness;  L,  cha rac t e r i s t i c  l inear  dimension; x, y, Car tes ian  coordinates;  T,  t empera tu re ;  
g, acce le ra t ion  due to gravi ty;  v, coefficient  of kinematic  viscosity;  a ,  t he rma l  diffusivity; k ,  t he rma l  con- 
ductivity; Q0, specif ic  volume flow ra te ;  P r ,  Prandt l  number .  
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